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Abstract
In this paper, we investigate the localization and the mass spectra of gravity and various bulk
matter fields on a thick anti-de Sitter (AdS) brane, by presenting the mass-independent potentials
of the Kaluza-Klein (KK) modes in the corresponding Schro¨dinger equations. For gravity, the
potential of the KK modes tends to infinity at the boundaries of the extra dimension, which leads
to an infinite number of the bound KK modes. Although the gravity zero mode cannot be localized
on the AdS brane, the massive modes are trapped on the brane. The scalar perturbations of the
thick AdS brane have been analyzed, and the brane is stable under the scalar perturbations. For
spin-0 scalar fields and spin-1 vector fields, the potentials of the KK modes also tend to infinity at
the boundaries of the extra dimension, and the characteristic of the localization is the same as the
case of gravity. For spin-1/2 fermions, by introducing the usual Yukawa coupling ηΨ¯φΨ with the
positive coupling constant η, the four-dimensional massless left-chiral fermion and massive Dirac
fermions are obtained on the AdS thick brane.
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I. INTRODUCTION
The idea that our observed four-dimensional Universe might be a 3-brane, embedded in
a higher dimensional space-time (the bulk), provides new insights into solving the gauge
hierarchy and cosmological constant problems [1–8]. In the Randall-Sundrum (RS) brane
world model, the zero mode of gravity is localized on the brane, which reproduces the
standard Newtonian gravity on the brane [5]. But in this model, the brane is very ideal
because its thickness is neglected. In the most fundamental theory, there seems to exist a
minimum scale of length, thus the thickness of a brane should be considered in more realistic
field models. For this reason, more natural thick brane scenarios have been investigated [9–
41]. For some comprehensive reviews about thick branes, see Refs. [42–47].
In brane world theory, only gravity is free to propagate in both the brane and bulk
space-time, however, all the matter fields (electromagnetic, Yang-Mills, etc.) in our four-
dimensional Universe are confined to the 3-brane with no contradiction with present gravi-
tational experiments. Hence, in order to build up the standard model, various bulk matter
fields should be localized on branes by a natural mechanism. Generally, the massless scalar
fields [48] could be trapped on branes of different types. Spin-1 Abelian vector fields can
be localized on the RS brane in some higher dimensional cases [49] or on the thick de Sit-
ter brane and Weyl thick brane [50]. It is important to study the localization problem of
the spin-1/2 fermions. Without introducing the scalar-fermion coupling, fermions cannot
be localized on branes in five and six dimensions [48–71]. In some cases, there may exist
a single bound state and a continuous gapless spectrum of massive fermion Kaluza-Klein
(KK) modes [25, 50]. In some other cases, one can obtain finite discrete KK modes (mass
gap) and a continuous gapless spectrum starting at a positive m2 [28, 63, 64].
Most investigations mentioned above mainly focused on flat branes. In Ref. [18], the
solutions of de Sitter (dS) and anti-de Sitter (AdS) 3-branes were presented, and the local-
ization of gravity on the dS 3-brane was also studied. In this paper, in order to show the rich
structures of the AdS 3-brane from the other points of view, we would like to investigate the
localization problem of gravity and various spin matter fields (scalars, vectors and fermions)
on the brane. For this AdS 3-brane solution, the behavior of the warp factor is related with
a parameter δ. For δ > 1, the warp factor is divergent at z = ±zb the boundaries of the
extra dimension, and the energy density has a lump at z ≈ 0; i.e., the brane is located at
2
z ≈ 0. For δ < 0, the warp factor tends to zero far away from the brane, but the energy
density has no lump at z ≈ 0 and diverges at z = ±zb, so this configuration cannot be
considered as a thick brane. Hence, in this paper, we only consider that the parameter is
constrained as δ > 1. For gravity, the zero mode is not localized on the thick AdS brane;
however, the massive KK modes can be localized on the brane, and the mass spectrum con-
sists of an infinite number of discrete bound states. For free scalar fields and vector fields,
all the KK modes are bound states and the massive modes, which could be trapped on the
brane. For spin-1/2 fermions coupling with the background scalar by the usual Yukawa
coupling ηΨ¯φΨ, the left-chiral fermion massless mode can be localized on the brane, and
both left- and right-chiral fermions are also localized on the brane, which can constitute the
four-dimensional massive Dirac fermions.
The organization of this paper is as follows: In Sec. II, we first review the thick AdS
3-brane in five-dimensional space-time. Then, in Sec. III, we investigate the localization
and the mass spectra of gravity on the thick AdS 3-brane. In Sec. IV, the localization and
the mass spectra of various bulk matter fields are investigated. For scalars and vectors, we
give the analytical expressions for the KK modes and the mass spectrums. For fermions,
the analytical formulations of the massless modes are also obtained. Finally, our conclusion
is given in Sec. V.
II. REVIEW OF THE THICK ANTI-DE SITTER 3-BRANE
We start with the following five-dimensional action of thick branes, which are generated
by a real scalar field φ with a scalar potential V (φ),
S =
∫
d5x
√−g
[
1
2κ25
R− 1
2
gMN∂Mφ∂Nφ− V (φ)
]
, (1)
where R is the five-dimensional scalar curvature and κ25 = 8πG5 with G5 the five-dimensional
Newton constant. The most general five-dimensional metric compatible with an AdS4 sym-
metry can be taken as
ds2 = gMNdx
MdxN = e2A(z)[gˆµν(x)dx
µdxν + dz2]
= e2A(z)
[
e2Hx3(−dt2 + dx21 + dx22) + dx23 + dz2
]
, (2)
where e2A(z) is the warp factor, H is the AdS4 parameter and z stands for the extra co-
ordinate. We suppose that the scalar field is a function of z only, i.e., φ = φ(z). The
3
four-dimensional cosmology constant can be expressed as Λ4 = −3H2. By considering the
action (1) and the metric (2), the filed equations reduce to the following coupled nonlinear
differential equations:
φ′2 =
3
κ25
(A′2 − A′′ +H2), (3a)
V (φ) = −3e
−2A
2κ25
(3H2 + 3A′2 + A′′), (3b)
dV (φ)
dφ
= e−2A(3A′φ′ + φ′′), (3c)
where the prime denotes the derivative with respect to z. These equations are not indepen-
dent. The relationship between these equations was discussed in [14].
Here we set κ25 = 1. A thick AdS brane solution in five-dimensional space-time for the
potential
V (φ) = −3(1 + 3δ)H
2
2δ
cosh2(1−δ)
(
φ
φ0
)
(4)
was found in Ref. [18]:
A(z) = −δ ln |cos z¯| , (5)
φ(z) = φ0arcsinh(tan z¯), (6)
where
φ0 ≡
√
3δ(δ − 1), (7)
z¯ ≡ H
δ
z, (8)
and the parameter δ satisfies δ > 1 or δ < 0. The range of the extra dimension is −zb ≤
z ≤ zb with zb =
∣∣ δpi
2H
∣∣. The metric with this choice of A(z) has a naked singularity at ±zb.
This singularity is very similar to the one in Ref. [11] and the one encountered in the AdS
flow to N = 1 super Yang-Mills theory [72]. Gremm supported that this might indicate
that it can be resolved either by lifting the five-dimensional geometry to ten dimensions or
by string theory [11]. From (6), it can be seen that the background scalar field diverges
at the boundaries of the extra dimension ±zb. In Ref. [11], this divergence can indicate
that the compactification manifold shrinks to zero or becomes infinitely large, so that the
five-dimensional truncation comes to be invalid. There are some examples that singularities
in five dimensions actually correspond to nonsingular ten-dimensional geometries [73].
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As is well-known, the energy-momentum tensor for a scalar field is energetically equivalent
to an anisotropic fluid, TMN = −ρ(gMN + zMzN) + pzMzN , where zM = eAδ5M and
ρ ≡ 1
2
[
e−2Aφ′2 + 2V (φ)
]
= −3H
2(1 + δ)
δ
cos2(δ−1)(z¯), (9)
p ≡ 1
2
[
e−2Aφ′2 − 2V (φ)]
= 6H2 cos2(δ−1)(z¯). (10)
From the above expressions, it can be shown that, for δ < 0 or δ > 1, the corresponding
energy-momentum tensor satisfies the weaker energy condition TMNζ
MζN ≥ 0 with ζM an
arbitrary null vector. For −1 < δ < 0, the weak energy condition TMNξMξN ≥ 0 is satisfied,
where ξM is an arbitrary future-directed timelike or null vector, and for −1
3
< δ < 0 the
dominant energy condition TMNξ
MηN ≥ 0 with ηM an arbitrary future-directed timelike or
null vector is satisfied. It is clear that, for δ > 1, the energy density ρ has a lump at |z| ≈ 0
and tends to zero at the boundaries of the extra dimension z = ±zb, which shows that the
thick 3-brane locates at |z| ≈ 0. However, for δ < 0, the energy density has no lump at
z ≈ 0 and diverges at ±zb, and it is difficult to regard this configuration as a thick brane,
so in the following sections, we only consider the case of δ > 1.
III. LOCALIZATION OF GRAVITY ON THE THICK ANTI-DE SITTER BRANE
In this section, the localization of gravity will be investigated by presenting the mass-
independent potential of the KK modes for gravitons in the corresponding Schro¨dinger
equation.
Let us consider the following perturbed metric:
ds2 = (gMN + δgMN)dx
MdxN . (11)
As Ref. [5], we impose the axial gauge constraint δg5M = 0, and then write the total metric
in the form
ds2 = e2A(z)[(gˆµν + hµν)dx
µdxν + dz2], (12)
where hµν denotes the metric perturbation. Then, under the transverse-traceless gauge con-
dition hµµ = ∂
µhµν = 0, the equation for the perturbation hµν takes the following form [13]
[∂2z + 3A
′(z)∂z ++ 2H
2]hµν(x
α, z) = 0, (13)
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where  ≡ gˆµν∇µ∇ν and ∇µ denotes the covariant derivative with respect to the four-
dimensional metric gˆµν . By making use of the KK decomposition
hµν(x
α, z) = e−
3
2
A(z)ǫµν(x
α)ϕ(z) (14)
with ǫµν(x
α) satisfying the transverse-traceless condition, from Eq. (13) we can get the
following four-dimensional equation
ǫµν(x
α) + 2H2ǫµν(x
α) = m2ǫµν(x
α), (15)
where m is the mass of the KK modes. The Schro¨dinger-like equation for the fifth-
dimensional sector is also obtained
(−∂2z + VQM)ϕ(z) = m2ϕ(z) (16)
with the potential
VQM =
3
2
A′′(z) +
9
4
A′2(z)
=
3H2
4δ
[
(2 + 3δ) sec2 z¯ − 3δ] . (17)
The shapes of the potential for the KK modes are plotted in Fig. 1. The potential VQM(z)
has minimum 3H
2
2δ
(positive value) at the location of the brane (z = 0), and tends to positive
infinity at the boundaries of the fifth dimension (z = ±zb), so the potential has no negative
value at the location of the brane, and it cannot trap the zero mode of gravity, but it can trap
the massive modes. Eq. (16) can be turned into the following equation with E2n = m
2
n+
9H2
4
:
[
−∂2z +
3H2
4δ
(2 + 3δ) sec2 z¯
]
ϕn(z) = E
2
nϕn(z). (18)
When the parameter δ satisfies δ > 1, the solutions of the gravity KK modes are found to
be
ϕn(z) ∝ 2F1
[
1− n, 1 + n + 3δ, 3(1 + δ)
2
,
1− sin z¯
2
]
× cos1+ 3δ2 (z¯), (19)
where n = 1, 2, · · · . Then the mass spectrum of bound states is found to be
En =
H
δ
(
n+
3
2
δ
)
, (20)
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or
mn =
H
δ
√
n(n + 3δ). (21)
It can be found that the ground state is the massive mode with m1 =
H
δ
√
1 + 3δ. All the
KK modes are bound states, and localized on the thick AdS brane. The mass spectrum of
the KK modes is discrete. The shapes of the gravity KK modes with lower mass are shown
in Fig. 2.
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FIG. 1: The shape of the potential of the gravity KK modes VQM(z). The parameters are set to
H = 1 and δ = 2.
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FIG. 2: The shapes of the KK modes of the graviton ϕn(z). The parameters are set to H = 1 and
δ = 2.
From the above discussion, m2 is always positive, and following the arguments given in
Ref. [13], it can be shown that in the present case all the corresponding perturbation modes
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are stable. Now we need to further investigate the stability of this AdS brane, i.e., the scalar
perturbation of the systems should be examined. The perturbed metric is given by [13]
ds2 = e2A[(1 + 2α)dz2 + (1 + 2β)gˆµνdx
µdxν ]. (22)
As shown in Ref. [13], the following corresponding linearized five-dimensional Einstein-scalar
equations can be obtained:
δφ =
3
φ′
(αA′ − β ′), α + 2β = 0, (23)
β ′′ +β −
(
3A′ + 2
φ′′
φ′
)
β ′
+
(
4A′
φ′′
φ′
− 4A′′ − 6H2
)
β = 0, (24)
where δφ denotes perturbations of the background scalar field. In order to examine the
stability of this system, Eq. (24) is transformed into a form of the Schro¨dinger equation:
[−∂2z + Veff(z)]ω(xµ, z) = ω(xµ, z), (25)
where ω(xµ, z) and Veff(z) are defined as
ω ≡ 1
φ′(z)
e
3A
2 β(xµ, z), (26)
Veff ≡ −5
2
A′′ +
9
4
A′2 + A′
φ′′
φ′
− φ
′′′
φ′
+ 2
(
φ′′
φ′
)2
+ 6H2
=
H2
4δ2
[
(15δ2 − 4δ − 4) + 3δ(3δ − 2) sec2 z¯] . (27)
From above expression (27), it is clear that because the parameter δ satisfies δ > 1, the
effective potential Veff(z → ±zb) → +∞, and has minimum H22δ2 (3δ − 2)(4δ + 1) (positive
value) at z = 0.
We decompose ω(xµ, z) in Eq. (25) as
ω(xµ, z) = f(z)X(xµ), (28)
and the following equations can be gotten
X(xµ) = m2X(xµ), (29)
−f ′′(z) + Veff(z)f(z) = m2f(z) (30)
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with m the four-dimensional mass. It is known that Eq. (29) can be solved with suitable
harmonic functions. There is the Breitenlohner-Freedman bound which allows the tachyonic
mass to some extent from the condition of the normalization [13, 74]. The massm is bounded
as
m2 ≥ −9
4
, (31)
which means that even when there are solutions with −9
4
≤ m2 < 0, such solutions are
stable in spite of the tachyonic mass.
By substituting the effective potential (27) into Eq. (30), we can get[
−∂2z +
3H2
4δ
(3δ − 2) sec2 z¯
]
fn(z) = E
2
nfn(z), (32)
with E2n = m
2
n − H
2
4δ2
(15δ2− 4δ− 4). Since δ > 1, the solutions of the above Schro¨dinger Eq.
(32) can be expressed as
fn(z) ∝ cos 3δ2 (z¯) 2F1
[
−n, n + 3δ, 1 + 3δ
2
,
1− sin z¯
2
]
, (33)
where n = 0, 1, 2, · · · . It is known that the corresponding perturbation modes tend to zero
at the boundaries of the extra dimension, i.e., they are bound states, and all the scalar
modes of the metric fluctuations can be localized on the AdS brane. The mass spectrum of
the bound states is found to be
En =
H
δ
(
n+
3δ
2
)
, (34)
or
mn =
H
δ
√
n2 + 6δ2 + (3n− 1)δ − 1. (35)
It is clear that the mass of the ground state is m0 =
H
δ
√
6δ2 − δ − 1, and m2n ≥ H
2
δ2
[n2 +
6δ2 + (3n− 1)δ − 1] > 0, so it is shown that the thick AdS brane is stable under the scalar
perturbations.
IV. LOCALIZATION OF VARIOUS MATTERS ON THE THICK ANTI-DE SIT-
TER BRANE
In this section, we will investigate the character of the localization of the various bulk
matter fields on the thick AdS brane. Spin-0 scalars, spin-1 vectors and spin-1/2 fermions
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will be considered by means of the gravitational interaction. Certainly, we have implicitly
assumed that the various bulk matter fields considered below make little contribution to
the bulk energy so that the solutions given in the previous section remain valid even in the
presence of bulk matter fields. The mass spectra of the various matter fields on the thick
brane will also be discussed by presenting the potential of the corresponding Schro¨dinger
equation for the KK modes of the various matter fields.
A. Spin-0 scalar fields
We first consider the localization of real scalar fields on the thick brane obtained in the
previous section, then turn to vectors and fermions in the next subsections. Let us start by
considering the action of a massless real scalar coupled to gravity:
S0 = −1
2
∫
d5x
√−g gMN∂MΦ∂NΦ. (36)
Using the metric (2), the equation of motion derived from (36) reads as
1√−gˆ ∂µ(
√
−gˆgˆµν∂νΦ) + e−3A∂z
(
e3A∂zΦ
)
= 0. (37)
Then, by using of the KK decomposition
Φ(x, z) =
∑
n
φn(x)χn(z)e
−3A/2, (38)
the four-dimensional scalar fields φn(x) should satisfy the four-dimensional massive Klein-
Gordon equation:
(
1√−gˆ ∂µ(
√
−gˆgˆµν∂ν)−m2n
)
φn(x) = 0. (39)
Therefore the equation for the scalar KK modes χn(z) can be expressed as
[−∂2z + V0(z)]χn(z) = m2nχn(z), (40)
which is a Schro¨dinger equation with the effective potential given by
V0(z) =
3
2
A′′ +
9
4
A′2, (41)
where mn is the mass of the KK excitation. It is clear that the potential V0(z) defined in
(41) is a four-dimensional mass-independent potential.
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The full five-dimensional action (36) can be reduced to one four-dimensional action for a
massless scalar field plus an infinite sum of massive scalar actions in four-dimension
S0 = −1
2
∑
n
∫
d4x
√
−gˆ
(
gˆµν∂µφn∂νφn +m
2
nφ
2
n
)
(42)
when integrated over the extra dimension, in which it is required that Eq. (40) is satisfied
and the following orthonormality conditions are obeyed:∫ +zb
−zb
χm(z)χn(z)dz = δmn. (43)
For the thick AdS brane, because the effective potential for the scalar KK modes (41)
is the same as the potential for the gravity (17), the localization of scalars is the same as
the situation of gravity. Hence, the four-dimensional massless scalar (the zero mode) is not
localized on the thick AdS brane for δ > 1. And all the KK modes are massive bound states
and are localized on the brane. The mass spectrum of the KK modes is discrete.
B. Spin-1 vector fields
We now turn to spin-1 vector fields. We begin with the five-dimensional action of a vector
field
S1 = −1
4
∫
d5x
√−g gMNgRSFMRFNS, (44)
where FMN = ∂MAN − ∂NAM is the field tensor as usual. From this action the equations of
motion are derived as follows
1√−g∂M (
√−ggMNgRSFNS) = 0. (45)
By using the background metric (2), the equations of motion read as
1√−gˆ ∂ν(
√
−gˆ gˆνρgˆµλFρλ) + gˆµλe−A∂z
(
eAF4λ
)
= 0, (46)
∂µ(
√
−gˆ gˆµνFν4) = 0. (47)
Because the fourth component A4 has no zero mode in the effective four-dimensional theory,
we assume that it is Z2-odd with respect to the extra dimension z. Furthermore, in order
to be consistent with the gauge invariant equation
∮
dzA4 = 0, we choose A4 = 0 by using
gauge freedom. Then, the action (44) can be reduced to
S1 = −1
4
∫
d5x
√−g
[
FµνF
µν + 2e−Agµν∂zAµ∂zAν
]
. (48)
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With the decomposition of the vector field
Aµ(x, z) =
∑
n
a(n)µ (x)ρn(z)e
−A/2 (49)
and the orthonormality condition∫ +zb
−zb
ρm(z)ρn(z)dz = δmn, (50)
the action (48) can be simplified as
S1 =
∑
n
∫
d4x
√
−gˆ
[
− 1
4
gˆµαgˆνβf (n)µν f
(n)
αβ
− 1
2
m2n gˆ
µνa(n)µ a
(n)
ν
]
, (51)
where f
(n)
µν = ∂µa
(n)
ν − ∂νa(n)µ is the four-dimensional field strength tensor. Therefore we
have obtained a four-dimensional theory of a gauge particle (massless) and infinite towers of
massive vector fields. In the above process, it has been required that the vector KK modes
ρn(z) should satisfy the following Schro¨dinger equation
[−∂2z + V1(z)] ρn(z) = m2nρn(z), (52)
with the mass-independent potential V1(z) given by
V1(z) =
H2
4δ
[
(2 + δ) sec2 z¯ − δ] . (53)
The potential also has a minimum H
2
2δ
at z = 0 and tends to positive infinity at z = zb for
δ > 1. The shapes of the potential V1(z) are plotted in Fig. 3. The potential V1(z) are
always positive, so the zero mode is not localized on the AdS brane. However, the massive
modes can be localized on the brane. Eq. (52) with this potential can be turned into the
following Schro¨dinger equation:[
−∂2z +
H2
4δ
(2 + δ) sec2 z¯
]
ρn(z) = E
2
nρn(z) (54)
with E2n = m
2
n +
H2
4
. The solutions of Eq. (54) for δ > 1 can be expressed as follows
ρn ∝ cos1+ δ2 (z¯) 2F1
[
1− n, 1 + n + δ, 3 + δ
2
,
1− sin z¯
2
]
, (55)
where n = 1, 2, · · · , and the discrete mass spectrum can be written as
mn =
H
δ
√
n(n + δ), (56)
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so all the KK modes are bound states and can also be trapped on the brane. We can find
that the ground state is a massive state with m1 =
H
δ
√
1 + δ. The shapes of the KK modes
are plotted in Fig. 4.
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FIG. 3: The shape of the potential of the vector field V1(z). The parameters are set to H = 1 and
δ = 2.
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FIG. 4: The shapes of the KK modes of the vector fields ρn(z). The parameters are set to H = 1,
and δ = 2.
C. Spin-1/2 fermion fields
Finally, we will study the localization of fermions on the thick AdS brane. In five-
dimensional space-time, fermions are four component spinors and their Dirac structure can
be described by the curved space gamma matrices ΓM = e−A(γµ, γ5), where γµ and γ5 are
the usual flat gamma matrices in the four-dimensional Dirac representation. The Dirac
action of a massless spin-1/2 fermion coupled to the background scalar φ (6) is
S1/2 =
∫
d5x
√−g
[
Ψ¯ΓM(∂M + ωM)Ψ− ηΨ¯F (φ)Ψ
]
, (57)
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where η is a coupling constant. The nonvanishing components of the spin connection ωM
for the background metric (2) are
ωµ =
1
2
A′γµγ5 + ωˆµ, (58)
with ωˆµ the spin connection derived from the metric gˆµν(x). Then the equation of motion
is given by
[
γµ(∂µ + ωˆµ) + γ
5 (∂z + 2A
′)− η eAF (φ)
]
Ψ = 0, (59)
where γµ(∂µ + ωˆµ) is the Dirac operator on the AdS brane.
Now we would like to investigate the localization of the Dirac spinor on the AdS brane
by studying the above five-dimensional Dirac equation. Because of the Dirac structure of
the fifth gamma matrix γ5, we expect that the left- and right-chiral projections of the four-
dimensional part have different behaviors. From the equation of motion (59), we will search
for the solutions of the general chiral decomposition
Ψ =
∑
n
[
ψL,n(x)Ln(z) + ψR,n(x)Rn(z)
]
e−2A, (60)
where ψL =
1−γ5
2
ψ and ψR =
1+γ5
2
ψ are the left- and right-chiral components of a four-
dimensional Dirac field ψ, respectively. By demanding ψL,R satisfy the four-dimensional
massive Dirac equations γµ(∂µ+ωˆµ)ψL,R = mψR,L, we obtain the following coupled equations
for the fermion KK modes Ln and Rn:
[
∂z + η e
AF (φ)
]
Ln(z) = mRn(z), (61a)[
∂z − η eAF (φ)
]
Rn(z) = −mLn(z). (61b)
From the above equations, we can obtain the Schro¨dinger-like equations for the KK modes
of the left- and right-chiral fermions:
(− ∂2z + VL(z))Ln = m2Ln, (62a)(− ∂2z + VR(z))Rn = m2Rn. (62b)
where the effective potentials of Eq. (62) are given by
VL(z) =
(
ηeAF (φ)
)2 − ∂z(ηeAF (φ)), (63a)
VR(z) = VL(z)|η→−η. (63b)
14
For the purpose of getting the standard four-dimensional action for a massless fermion
and an infinite sum of the massive fermions,
S 1
2
=
∫
d5x
√−g Ψ¯
[
ΓM(∂M + ωM)− ηF (φ)
]
Ψ
=
∑
n
∫
d4x
√
−gˆ ψ¯n
[
γµ(∂µ + ωˆµ)−mn
]
ψn, (64)
we need the following orthonormality conditions for Ln and Rn:∫ zb
−zb
LmLndz = δmn, (65)
∫ zb
−zb
RmRndz = δmn, (66)
∫ zb
−zb
LmRndz = 0. (67)
From Eqs. (62)and (63), we can see that, in order to localize the left- and right-chiral
fermions, there must be some kind of scalar-fermion coupling. This situation is similar
to the one in Refs. [35, 48], in which the authors introduced the mass term mǫ(z)Ψ¯Ψ
for the localization of the fermion fields on a brane. For the thick branes arising from a
real scalar field φ, the scalar-fermion coupling such as ηΨ¯φΨ, ηΨ¯φkΨ, ηΨ¯ tan1/s(φ)Ψ, etc.,
can be introduced for fermion localization [22, 50, 53, 60]. For the thick brane generated
by two scalar φ and χ, in order to localize the fermions, the coupling terms ηΨ¯φχΨ and
ηΨ¯φΨ+ η′Ψ¯χΨ were introduced in Ref. [70]. Moreover, if we demand that VL(z) and VR(z)
are Z2-even with respect to the extra dimension z, F (φ) should be an odd function of the
“kink” φ(z). In this paper, we choose the simplest Yukawa coupling: F (φ) = φ. Then the
explicit forms of the potentials (63) are
VL(z) = η
2φ20 cos
−2δ(z¯)arcsinh2(tan z¯)
− ηHφ0
δ cos1+δ(z¯)
[
δ sin z¯ arcsinh(tan z¯) + 1
]
, (68)
VR(z) = VL(z)|η→−η . (69)
At the location of the AdS brane, both of the potentials for the left- and right-chiral fermions
have minimum VL(z = 0) = −ηHφ0/δ and VR(z = 0) = ηHφ0/δ, and the potentials
VL,R(z → ±zb)→ +∞ as shown in Fig. 5.
From Fig. 5, only the potential of the left-chiral fermions has negative value at the location
of the thick brane for the positive coupling constant η, so only the left-chiral fermion zero
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FIG. 5: The shapes of the potentials of the left- and right-chiral fermion KKmodes. The parameters
are set to δ = 2, H = 1 and η = 1.
mode can be localized on the brane. By setting m = 0 in Eq. (61), the left-chiral fermion
zero mode can be obtained:
L0(z) ∝ exp[−ηI(z)], (70)
where the exponential factor I(z) can be expressed as
I(z) =
∫ z
0
dz′eA(z
′)φ(z′)
=
21−δφ0δ
H(δ − 1)2
{
3F2
(
1− δ, 1− δ
2
,
1− δ
2
;
3− δ
2
,
3− δ
2
;−1
)
−̺1−δ(z)
[
3F2
(
1− δ, 1− δ
2
,
1− δ
2
;
3− δ
2
,
3− δ
2
;−̺2(z)
)
+ (δ − 1) 2F1
(1− δ
2
, 1− δ, 3− δ
2
,−̺2(z)
)
ln
(
̺(z)
)]}
with ̺(z) = sec z¯ + tan z¯. The curve for the exponential factor is plotted in Fig. 6(a). The
exponential factor I(z) tends to positive infinity, so the left-chiral fermion zero mode L0 → 0
as z → ±zb, and is localized on the AdS brane, which is shown in Fig. 6(b).
For the massive KK modes of the left- and right-chiral fermions, Eqs. (62a) and (62b)
cannot be analytically solved. But we can solve them by numerical method. The KK modes
of the left- and right-chiral fermions are plotted in Figs. 7 and 8, respectively. All the
KK modes for both the left- and right-chiral fermions are bound states. The discrete mass
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FIG. 6: The shape of the exponential factor I(z) and the left-chiral fermion zero mode L0. The
parameters are set to H = 1, η = 1 and δ = 2.
spectra for the KK modes are calculated as follows:
mLn = {0, 1.78, 2.76, 3.63, 4.45, 5.22, 5.98, 6.71,
7.43, 8.14, 8.84, · · · }, (71a)
mRn = { 1.78, 2.76, 3.63, 4.45, 5.22, 5.98, 6.71,
7.43, 8.14, 8.84, · · · }, (71b)
where the parameters are set to H = 1, η = 1 and δ = 2. Hence the ground state of
the left-chiral fermions is the massless mode; however, the ground state of the right-chiral
fermions is a massive mode. The mass spectra are also shown in Fig. 9. So we can obtain
the four-dimensional massless left-chiral fermion and the massive Dirac fermions consisting
of the pairs of the left- and right-chiral KK modes coupling together through mass terms.
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FIG. 7: The shapes of the KK modes of the left-chiral fermions. The parameters are set to H = 1,
η = 1 and δ = 2.
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FIG. 8: The shapes of the KK modes of the right-chiral fermions. The parameters are set to H = 1,
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Left fermions Right fermions
FIG. 9: ThemLn,Rn spectra of the left- and right-chiral fermions. The parameters are set to H = 1,
η = 1 and δ = 2.
V. CONCLUSION AND DISCUSSION
In this paper, we first reviewed a thick AdS brane embedded in five-dimensional space-
time, in which the behavior of the warp factor is related to a parameter δ. For δ < 0, the
warp factor tends to zero at the boundaries of the extra dimension, while the energy density
has no lump at z ≈ 0, which cannot be considered as a thick brane. For δ > 1, the warp
factor tends to infinity at the boundaries, and the energy density has a lump at z ≈ 0, which
indicates that the AdS thick brane locates at z ≈ 0. Hence, we only consider the case of
δ > 1. Then we studied the mass-independent potentials of the KK modes for gravity and
various spin fields in the corresponding Schro¨dinger equations. In this way, the localization
and mass spectra of gravity and various matters with spin-0, 1 and 1/2 on this kind of AdS
brane were investigated.
For gravity, the potential of the KK modes in the corresponding Schro¨dinger equation is
divergent when far away from the brane. Such potential suggests that the mass spectrum of
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the gravity KK modes consists of an infinite number of discrete bound states. Although, the
zero mode of gravity is not localized on the AdS brane, the massive modes can be localized
on the brane. The scalar perturbations of the thick AdS brane has been analyzed, and as a
result, it is shown that the brane is stable under the scalar perturbations.
For spin-0 scalars and spin-1 vectors, the character of localization is similar to the case
of gravity; i.e., all the scalar and vector KK modes are bound states, and the zero modes
are not localized on the brane.
For spin-1/2 fermions, in order to localize the left- and right-chiral fermions, we introduced
the usual Yukawa coupling ηΨ¯φΨ with a positive coupling constant η. Both potentials
have the same asymptotic behavior: VL,R(z → ±zb) → +∞, and only the potential of
the left-chiral fermion KK modes has a finite negative well at z = 0. So only the left-chiral
fermion zero mode could be localized on the brane; i.e., there exists only the four-dimensional
massless left-chiral fermion. And both the left- and right-chiral fermion KK modes have an
infinite number of bound states. Since a pair of left- and right-chiral KK modes couple
together through a mass term to become a four-dimensional Dirac fermion, a series of four-
dimensional Dirac fermions with a discrete mass spectrum could be obtained on the AdS
branes.
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